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Abstract: We investigate the second-order gravitational scalar perturbations for a
barotropic fluid. We derive the effective energy-momentum tensor described by the quadratic
terms of the gravitational and the matter perturbations. We show that the second-order
effective energy-momentum tensor is gauge dependent. We impose three gauge conditions
(longitudinal, spatially-flat, and comoving gauges) for dust and radiation. The resulting
energy-momentum tensor is described only by a gauge invariant variable, but the functional
form depends on the gauge choice. In the matter-dominated epoch with dust-like fluid back-
ground, the second-order effective energy density and pressure of the perturbations evolve
as 1/a2 in all three gauge choices, like the curvature density of the Universe, but they do
not provide the correct equation of state. The value of this parameter depends also on the
gauge choice. In the radiation-dominated epoch, the perturbations in the short-wave limit
behave in the same way as the radiation-like fluid in the longitudinal and the spatially-flat
gauges. However, they behave in a different way in the comoving gauge. As a whole, we
conclude that the second-order effective energy-momentum tensor of the scalar perturbation
is strictly gauge dependent.
1Corresponding author
ar
X
iv
:2
00
3.
12
27
9v
1 
 [g
r-q
c] 
 27
 M
ar 
20
20
Contents
1 Introduction 2
2 Einstein’s equation and 2EMT 3
2.1 Einstein Tensor 3
2.2 Matter Energy-Momentum Tensor 4
2.3 Einstein’s Equation 5
2.3.1 Zeroth-order equations 5
2.3.2 First-order equations and gauge invariant variables 5
2.3.3 Second-order effective energy-momentum tensor 6
3 2EMT in Friedmann universe: gauge choices 7
3.1 Longitudinal gauge 8
3.1.1 MDE 9
3.1.2 RDE 9
3.2 Spatially-flat gauge 10
3.2.1 MDE 10
3.2.2 RDE 10
3.3 Comoving gauge 11
3.3.1 MDE 13
3.3.2 RDE 13
4 Conclusions 13
A 2EMT during MDE and RDE 15
A.1 Longitudinal gauge 15
A.1.1 MDE 15
A.1.2 RDE in long-wavelength limit 15
A.1.3 RDE in short-wavelength limit 16
A.2 Spatially-flat gauge 16
A.2.1 MDE 16
A.2.2 RDE in long-wavelength limit 17
A.2.3 RDE in short-wavelength limit 17
A.3 Comoving gauge 18
A.3.1 MDE 18
A.3.2 RDE in long-wavelength limit 18
A.3.3 RDE in short-wavelength limit 18
– 1 –
1 Introduction
The theory of cosmological perturbations is a great success in explaining the structure for-
mation in the Universe. The density perturbation produced during inflation evolves in the
subsequent Friedman universe, and produces the inhomogeneities in the matter distribu-
tion which can be observed in the cosmic microwave background and in the distribution of
galaxies. The observation techniques have developed very rapidly, which allows us to in-
vestigate cosmology with a very high precision. Thus, now we are able to enter the regime
of non-linearity with precise cosmological observations. This will reveal the new physics
relevant for structure formation only accessible by non-linear cosmological perturbations.
The second-order cosmological perturbation with the scalar field in the inflation pe-
riod was investigated in [1, 2]. The authors investigated the second-order effective energy-
momentum tensor (2EMT) of cosmological perturbations and its gauge invariance. Regard-
ing the back-reaction effect of 2EMT in the Universe, for the long-wavelength perturbations,
they found that the effective equation of state is given by ps ≈ −ρs with ρs < 0 for scalar
perturbations, and pgw ≈ −ρgw/3 for tensor perturbations. More works have investigated
the gauge invariance of the second-order perturbations in [3–7], for example. However, the
gauge invariance of 2EMT is questionable [8, 9] and thus its physical relevance, under any
approximation, is doubtful.
In this work, we will study the second-order cosmological scalar perturbations with
fluid matter. From the Einstein’s equation, we obtain 2EMT constructed by the quadratic
combinations of scalar perturbations, and investigate its gauge invariance. Using the first-
order equations, the matter perturbations can be expressed by the gravitational ones, in
terms of which we can write 2EMT completely. The results show that 2EMT cannot
be written only in terms of the gauge invariant variables such as the so-called Bardeen
variable [10], but there remains gauge dependence. That is, for the cosmological scalar
perturbations with fluid, the 2EMT is not gauge invariant.
More specifically, we investigate 2EMT in the Friedmann universe described by a
barotropic fluid-like radiation and dust. Once we impose a specific gauge condition, e.g.
longitudinal, spatially-flat, and comoving gauges, the resulting 2EMT can be expressed
by the Bardeen variable only. However, the functional form of 2EMT varies depending
on the gauge choice. Further we investigate some limits of this 2EMT depending on the
wavelengths to see if the effect of 2EMT converges in all gauge choices. In particular, we
investigate the second-order effective equation of state evaluated from 2EMT. The result
shows that the values of the equation-of-state parameter are different for different gauge
choices. This means that this effect of 2EMT is strictly gauge dependent, so is not physically
meaningful in any wavelength limit.
This paper is composed as following. In Section 2, we introduce the gravitational scalar
and the matter perturbations, derive 2EMT from the Einstein’s equation, and investigate
its gauge invariance. In Section 3, we investigate 2EMT in the Friedmann universe after
imposing gauge conditions. In Section 4, we conclude.
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2 Einstein’s equation and 2EMT
In this section, we derive the zeroth- and the first-order Einstein’s equations. We also
introduce gauge invariant variables, and write the first-order equation in a gauge invariant
form. Then we construct 2EMT.
2.1 Einstein Tensor
Let us consider the cosmological perturbations in the Friedmann universe. The most general
metric perturbations are written as
ds2 = a2(η)
[
− (1 + 2A)dη2 − 2Bidηdxi + (δij + 2Cij)dxidxj
]
, (2.1)
where the background metric represents a flat Friedmann universe, and the non-linear
metric perturbations A, Bi and Cij are both time- and space-dependent functions and are
expanded in all orders, e.g. A = A(1) + A(2) + A(3) + · · · . With H ≡ a′/a = da/dη/a, we
can write each component of the Einstein tensor Gµν up to second order in perturbations
as follows [11]:
G00 =3H2 + 2HBk,k + 2HC ′kk −∆Ckk + Ckl,kl − (2H′ +H2)BkBk +
1
2
Bk,kBl,l
− 1
4
Bk,lBk,l − 1
4
Bk,lBl,k +BkBl,lk −Bk∆Bk − 1
2
C ′klC
′
kl +
1
2
C ′kkC
′
ll − 4HCklC ′kl
+
3
2
Ckl,mCkl,m − Ckl,mCkm,l − 1
2
(Ckk,l − 2Clk,k)(Cmm,l − 2Clm,m)
+ 2Ckl(Cmm,kl + ∆Ckl − 2Cmk,ml)− 4HA,kBk + 2Bk(C ′mm,k − C ′km,m)
+ 2HBk(Cmm,k − 2Ckm,m)−Bk,l(C ′kl + 4HCkl) +Bk,kC ′ll − 2A(∆Ckk − Ckl,kl) ,
(2.2)
G0i =2HA,i +B[i,k]k + (2H′ +H2)Bi + C ′ik,k − C ′kk,i − 4HAA,i −Bk(B′(i,k) + 2HB[i,k])
+Bi(B
′
k,k + 2HBk,k) + (Cmm,k − 2Ckm,m)C ′ik + 2Ckl(C ′kl,i − C ′ik,l) + C ′klCkl,i
− 2HA′Bi +Ai,kBk +A,iBk,k −A,kB(i,k) − 2(2H′ +H2)ABi
− (∆A)Bi − 2HBkC ′ik + 2HBiC ′kk − 2B[i,k]lCkl + 2B[i,k](Cll,k − 2Ckl,l)
− 2B[k,l]Ci[k,l] −Bi(∆Ckk − Ckl,kl) +A,iC ′kk −A,kC ′ik , (2.3)
Gij =GDδij −A,ij +B′(i,j) + 2HB(i,j) + C ′′ij + 2HC ′ij −∆Cij − 2(2H′ +H2)Cij + 2Ck(i,j)k
− Ckk,ij +A,iA,j + 2AA,ij +Bk,kB(i,j) +BkB(i,j)k −
1
2
Bi,kBj,k − 1
2
Bk,iBk,j
−BkBk,ij − 2C ′′kkCij + C ′kkC ′ij − 2C ′ikC ′jk − 4HC ′kkCij + 2(∆Ckk − Ckl,kl)Cij
+ 2Ckl(Cij,kl + Ckl,ij − 2Ck(i,j)l)− (Ckk,l − 2Clk,k)(Cij,l − 2Cl(i,j)) + Ckl,iCkl,j
+ 2Cik,l(Cjk,l − Cjl,k)−A′B(i,j) − 2A(B′(i,j) + 2HB(i,j))− 2Bk(C ′k(i,j) − C ′ij,k)
− (B′k + 2HBk)(2Ck(i,j) − Cij,k) +Bk,k(C ′ij − 4HCij)− 2B′k,kCij +B(i,j)C ′kk
−Bi,kC ′jk −Bj,kC ′ik − 2A(C ′′ij + 2HC ′ij)−A′(C ′ij − 4HCij) + 4(2H′ +H2)ACij
+A,k(2Ck(i,j) − Cij,k) + 2(∆A)Cij , (2.4)
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where GD multiplied by the Kronecker delta δij in Gij is given by
GD =− (2H′ +H2) + 2HA′ + 2(2H′ +H2)A+ ∆A−B′k,k − 2HBk,k − C ′′kk − 2HC ′kk
+ ∆Ckk − Ckl,kl − 8HAA′ − (∇A)2 − 2A∆A− 4(2H′ +H2)A2 + 2HBkB′k
+ (2H′ +H2)BkBk + 3
4
Bk,lBk,l − 1
4
Bk,lBl,k − 1
2
Bk,kBl,l −BlBk,kl +Bk∆Bk
+ 2CklC
′′
kl +
3
2
C ′klC
′
kl −
1
2
C ′kkC
′
ll + 4HCklC ′kl +
1
2
(Ckk,l − 2Clk,k)(Cmm,l − 2Clm,m)
− 3
2
Clm,kClm,k + Clm,kClk,m − 2Ckl(Cmm,kl + ∆Ckl − 2Cmk,ml) +A′Bk,k + 2AB′k,k
+ 2HA,kBk + 4HABk,k + 2B′k,lCkl −B′k(Cll,k − 2Ckl,l)− 2Bk(C ′ll,k − C ′kl,l)
−Bk,kC ′ll +Bk,lC ′kl + 4HBk,lCkl − 2HBl(Ckk,l − 2Clk,k) + 2AC ′′kk +A′C ′kk
+ 4HAC ′kk − 2A,klCkl +A,k(Cll,k − 2Ckl,l) . (2.5)
2.2 Matter Energy-Momentum Tensor
Now we consider a perfect fluid matter of which the energy-momentum tensor is given by
Tµν = (ρ+ p)uµuν + pgµν , , (2.6)
where ρ is the energy density, p is the pressure, and uµ is the four-velocity. The perturba-
tions of fluid are written as
ρ = ρ0 + δρ and p = p0 + δp , (2.7)
where the subscript 0 denotes the background unperturbed quantity. The perturbations are,
as those in the metric, expanded in all orders, for example, δρ = δρ(1) + δρ(2) + δρ(3) + · · · .
If we introduce the peculiar velocity vi defined by [12]
vi ≡ dx
i
dx0
=
ui
u0
, (2.8)
we can find up to second order in perturbations, with the normalization condition uµuµ =
−1,
u0 =
1
a
(
1−A+ 3
2
A2 −Bkvk + 1
2
vkvk
)
, (2.9)
ui =
1
a
(1−A)vi . (2.10)
Then each component of Tµν is obtained as, up to second order in perturbations,
T00 =a
2
[
ρ0 + δρ+ 2Aρ0 + 2Aδρ+ (ρ0 + p0)vkvk
]
, (2.11)
T0i =a
2
[
ρ0(Bi − vi)− p0vi + δρ(Bi − vi)− δpvi − 2(ρ0 + p0)Cikvk
]
, (2.12)
Tij =a
2
[
p0δij + 2p0Cij + δpδij + 2Cijδp+ (ρ0 + p0)(Bi − vi)(Bj − vj)
]
. (2.13)
In this work, we shall consider only a perfect fluid matter.
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2.3 Einstein’s Equation
The Einstein’s equation order by order can be constructed by equating the Einstein tensor
in Eqs. (2.2)-(2.4) and the corresponding matter energy-momentum tensor in Eqs. (2.11)-
(2.13).
2.3.1 Zeroth-order equations
The zeroth-order, background equations are given by the 00 and ij components:
3H2 = 8piGa2ρ0 , (2.14)
2H′ +H2 = −8piGa2p0 . (2.15)
Note that combining these two equations gives the conservation equation for the background
energy density ρ0, which can be also derived from the conservation of energy-momentum
tensor:
ρ′0 + 3H(ρ0 + p0) = 0 . (2.16)
2.3.2 First-order equations and gauge invariant variables
Using the background equations, we can cast the first-order Einstein’s equation into the
following:
6H2A− 2HBk,k − 2HC ′kk + ∆Ckk − Ckl,kl = −8piGa2δρ , (2.17)
2HA,i +B[i,k]k + 2(H′ −H2)Bi + C ′ik,k − C ′kk,i = 2(H′ −H2)vi , (2.18)
δij
[
2HA′ + 2(2H′ +H2)A+ ∆A−B′k,k − 2HBk,k − C ′′kk − 2HC ′kk + ∆Ckk − Ckl,kl
]
−A,ij +B′(i,j) + 2HB(i,j) + C ′′ij + 2HC ′ij −∆Cij + 2Ck(i,j)k − Ckk,ij = 8piGa2δp δij .
(2.19)
The first-order conservation equations read
δρ′ + 3H(δρ+ δp) + (C ′kk + vk,k)(ρ0 + p0) = 0 , (2.20)
δp,i − (Bi − vi)p′0 + [A,i − (B′i − v′i)−H(Bi − vi)](ρ0 + p0) = 0 . (2.21)
Now let us consider the gauge transformation of cosmological perturbations. As is
well known, not all degrees of freedom in cosmological perturbations are physical. This is
because a generic coordinate transformation should not modify the physics of perturbations.
But in general cosmological perturbations are subject to the change of coordinates: Let a
functionQ be any scalar, vector or tensor quantity. Then, under the infinitesimal coordinate
transformation xµ → xµ+ξµ, the corresponding gauge transformation for Q can be written
as
Q→ Q− LξQ , (2.22)
where Lξ denotes the Lie derivative in the direction of ξµ. Then the metric perturbations
in (2.1) transform as
A→ A− ξ0′ −Hξ0 , (2.23)
Bi → Bi − ξ0,i + ξ′i , (2.24)
Cij → Cij −Hξ0δij − ξ(i,j) . (2.25)
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If we consider only scalar perturbations such that
A = α , Bi = β,i , Cij = −ψδij + E,ij , (2.26)
they transform as follows [13]:
α→ α− ξ0′ −Hξ0 , (2.27)
β → β − ξ0 + ξ′ , (2.28)
ψ → ψ +Hξ0 , (2.29)
E → E − ξ , (2.30)
where ξi = ξ,i. Then, as in Ref. [10], one choice of gauge invariant variables is the following:
Φ = α−Q′ −HQ , (2.31)
Ψ = ψ +HQ , (2.32)
δρ = δρ− ρ′0Q , (2.33)
δp = δp− p′0Q , (2.34)
vi = vi + E
′
,i , (2.35)
where
Q = β + E′ . (2.36)
From the off-diagonal components of Eq. (2.19), we have Φ = Ψ. This means that the
off-diagonal component of Tij vanishes. Then the first-order equations (2.17)-(2.19) can be
written in a gauge invariant form as
3HΨ′ + 3H2Ψ−∆Ψ = −4piGa2δρ , (2.37)(
Ψ′ +HΨ)
,i
= (H′ −H2) vi , (2.38)
Ψ′′ + 3HΨ′ + (2H′ +H2)Ψ = 4piGa2δp . (2.39)
2.3.3 Second-order effective energy-momentum tensor
The second-order effective energy-momentum tensor (2EMT) is constructed in the following
way [1, 2, 9]. Let us consider the Einstein’s equation at second-order in perturbations:
G(2)µν = 8piGT
(2)
µν . (2.40)
The second-order Einstein tensor consists of two parts,
G(2)µν = G
(1)
µν [g
(2)] +G(2)µν [g
(1)] , (2.41)
where G(1)µν [g(2)] represents the linear terms in genuine second-order perturbations, and
G
(2)
µν [g(1)] represents the quadratic terms in first-order perturbations. The former describes
the second-order part of the geometry, while the latter contributes as a part of the second-
order energy-momentum tensor. T (2)µν can also be decomposed into two parts as (2.41), and
the second-order effective energy-momentum tensor is constructed as
G(1)µν [g
(2)] = 8piGT (1)µν [g
(2), δρ(2), δp(2)] + 8piGT (2)µν [g
(1), δρ(1), δp(1)]−G(2)µν [g(1)]︸ ︷︷ ︸
≡8piGT (2,eff)µν
. (2.42)
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Using the first-order Eqs. (2.17)-(2.19) [or (2.37)-(2.39)], we can replace the matter pertur-
bations with the metric ones in T (2)µν . Then finally we can obtain T
(2,eff)
µν in terms of the
Bardeen variable Ψ and the gauge dependent variables Q = β+E′ and E. After integrating
over several wavelengths, which is denoted by braket notations, the total derivative terms
are integrated out, and finally we find τµν ≡
〈
T
(2,eff)
µν
〉
as
τ00 =
1
8piG
[
− 2H′ −H2
〈
(∇Ψ′)2〉− 4HH′ −H2 〈∇Ψ′ · ∇Ψ〉+ 5H′ − 7H2H′ −H2 〈(∇Ψ)2〉
− 3〈(Ψ′)2〉− 12H2〈Ψ2〉+ 6〈(H′Q−HQ′ − 4H2Q)Ψ′〉+ 2〈∇Q · ∇Ψ′〉
− 4H〈∇Q · ∇Ψ〉− 24H2〈(Q′ +HQ)Ψ〉− 2H〈∇Q′ · ∇Q〉− 3〈(H′Q−HQ′)2〉
+ 12H2(2H′ −H2)〈Q2〉+ 〈∆E′(2HΨ + 4H2Q− 3H2E′ + 2H∆E)〉
− 2〈∆E(2HΨ′ −∆Ψ− 2H2Q′ − 2HH′Q)〉] , (2.43)
τ0i =0 , (2.44)
τij =
1
8piG
δij
{
− 2
3(H′ −H2)
〈
(∇Ψ′)2〉− 4H
3(H′ −H2)
〈∇Ψ′ · ∇Ψ〉− H′ +H2
3(H′ −H2)
〈
(∇Ψ)2〉
+
〈
(Ψ′)2
〉
+ 8H〈ΨΨ′〉+ 4(2H′ +H2)〈Ψ2〉+ 4〈(Q′ + 2HQ)Ψ′′〉
+ 2
〈{
Q′′ + 9HQ′ + (H′ + 12H2)Q}Ψ′〉
+ 4
〈{
2HQ′′ + 4(H′ +H2)Q′ + 2H(3H′ +H2)Q}Ψ〉+ 2
3
〈∇Q′′ · ∇Q〉
+
2
3
〈
(∇Q′)2〉+ 4
3
H〈∇Q′ · ∇Q〉+ 2H〈Q′′Q′〉− 2H′〈Q′′Q〉+H2〈Q′2〉
− 2(2H′′ + 3HH′)〈Q′Q〉− (8HH′′ + 3H′2 − 4H4)〈Q2〉
− 2
3
〈
∆E′′
(
Ψ + 2HQ− 3HE′ + 2∆E)〉
− 1
3
〈
∆E′
[
4Ψ′ + 10HΨ + 8HQ′ + 8(H′ +H2)Q− 3(2H′ +H2)E′
+ 2∆E′ + 8H∆E]〉
+
2
3
〈
∆E
[
2Ψ′′ + 4HΨ′ − 2HQ′′ − 4(H′ +H2)Q′ − 2(H′′ + 2H′H)Q
+ ∆(E′′ + 2HE′)]〉} . (2.45)
This energy-momentum tensor τµν is the explicit expression of the 2EMT of the scalar
perturbations for perfect fluid. As we can see, the explicit form of τµν is expressed not only
by the gauge invariant variable Ψ, but also by the gauge dependent variables Q and E.
Therefore, we can conclude that 2EMT is definitely gauge dependent.
3 2EMT in Friedmann universe: gauge choices
In the previous section, we have obtained the explicit form of 2EMT τµν and have noticed
that it is gauge dependent. But, nevertheless, we may expect that under different gauge con-
ditions we still obtain similar behavior of the equation of state in certain wavelength limits
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so that the explicit gauge dependence does not matter practically. In this section, we inves-
tigate the 2EMT in the Friedmann universe, in particular, during the radiation-dominated
epoch (RDE) and the matter-dominated epoch (MDE). The corresponding background
equation of state w ≡ p0/ρ0 is 1/3 and 0 respectively. We evaluate the 2EMT in three
gauge choices – longitudinal, spatially-flat, and comoving gauges.
For isentropic process (δS = 0), using the relation
δp =
(
∂p
∂ρ
)
S
δρ+
(
∂p
∂S
)
ρ
δS ≡ c2sδρ , (3.1)
where c2s = w for a barotropic fluid, the second-order differential equation for the Bardeen
variable Ψ is obtained from Eqs. (2.37) and (2.39):
Ψ′′ + 3(1 + w)HΨ′ − w∆Ψ + [2H′ + (1 + 3w)H2]Ψ = 0 . (3.2)
With the Fourier-mode expansion
Ψ(η,x) =
∑
k
Ψk(η)e
ik·x , (3.3)
we find the solution for MDE (w = 0) and RDE (w = 1/3) as [14]
Ψk(η) =

c1(k) +
c2(k)
η5
(MDE)
d1(k)
η3
[
kη√
3
cos
(
kη√
3
)
− sin
(
kη√
3
)]
+
d2(k)
η3
[
kη√
3
sin
(
kη√
3
)
+ cos
(
kη√
3
)]
(RDE)
,
(3.4)
where c1(k), c2(k), d1(k) and d2(k) are momentum-dependent functions constant in time,
and 1/
√
3 is the sound speed during RDE. Now we fix the gauge condition, obtain τµν ,
and plug in the above solutions to see the behaviour of 2EMT in the Friedmann universe.
We interpret the components of 2EMT as the second-order effective energy density and
pressure, τµν = diag(−%, p, p, p). We present only the dominant terms in τµν here, with
more complete results being given in Appendix A.
3.1 Longitudinal gauge
Let us take the longitudinal gauge by imposing the conditions,
β = E = 0 , (3.5)
which gives Q = 0. As the gauge variables E and Q in Eqs. (2.43)-(2.45) vanish, τµν is
expressed only by the Bardeen variable Ψ as
τ00 =
1
8piG
[
− 2H′ −H2
〈
(∇Ψ′)2〉− 4HH′ −H2 〈∇Ψ′ · ∇Ψ〉+ 5H′ − 7H2H′ −H2 〈(∇Ψ)2〉
− 3〈(Ψ′)2〉− 12H2〈Ψ2〉] , (3.6)
τij =
1
8piG
δij
[
− 2
3(H′ −H2)
〈
(∇Ψ′)2〉− 4H
3(H′ −H2)
〈∇Ψ′ · ∇Ψ〉− H′ +H2
3(H′ −H2)
〈
(∇Ψ)2〉
+ 8H〈ΨΨ′〉+ 〈(Ψ′)2〉+ 4(2H′ +H2)〈Ψ2〉] . (3.7)
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3.1.1 MDE
Plugging the solution (3.4) in Eqs. (3.6) and (3.7), we find the dominant terms as
τ00 =
1
8piG
[
19k2
3
|c1|2 +O
(
η−2
) ]
, (3.8)
τij =
1
8piG
δij
[
k2
9
|c1|2 +O
(
η−5
) ]
. (3.9)
Recalling that a(η) ∝ η2 during MDE, for the most dominant terms, we have
% =
τ00
a2
∝ 1
a2
and p =
τii
a2
∝ 1
a2
, (3.10)
which individually exhibit the same a-dependence as the curvature density. But their
relation, p ≈ 57%, is not that of the curvature density.
3.1.2 RDE
Using the solution (3.4) for (3.6) and (3.7), we find very complicated results containing a
lot of sine and cosine functions. To simplify our discussions, we present the results only in
two limits.
(i) Long-wavelength limit (kη/
√
3 1): In this case, we find
τ00 =
1
8piGη8
{
−39|d2|2 +O
[(
kη√
3
)2]}
, (3.11)
τij =
1
8piGη8
δij
{
−19|d2|2 +O
[(
kη√
3
)2]}
. (3.12)
Recalling that a(η) ∝ η in RDE, for the most dominant terms, we have
% ∝ 1
a10
and p ∝ 1
a10
, (3.13)
which decay quickly as the Universe expands.
(ii) Short-wavelength limit (kη/
√
3 1): In this case, we find
τ00 =
1
4piGη8
{
3
(
|d1|2 + |d2|2
)( kη√
3
)6
+O
[(
kη√
3
)5]}
, (3.14)
τij =
1
4piGη8
δij
{(
|d1|2 + |d2|2
)( kη√
3
)6
+O
[(
kη√
3
)5]}
. (3.15)
We then have
p ≈ 1
3
% ∝ 1
a4
, (3.16)
which behaves as radiation in this limit.
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3.2 Spatially-flat gauge
Let us take the spatially-flat gauge by imposing the conditions
ψ = E = 0 . (3.17)
From Eqs. (2.31) and (2.32), we have
Ψ = HQ . (3.18)
As the gauge variables become E = 0 and Q = Ψ/H in Eqs. (2.43)-(2.45), τµν is expressed
only by the Bardeen variable Ψ as
τ00 =
1
8piG
[
− 2H′ −H2
〈
(∇Ψ′)2〉− 4HH′ −H2 〈∇Ψ′ · ∇Ψ〉+ (2H′ − 3H2)(H′ +H2)H2(H′ −H2) 〈(∇Ψ)2〉
− 12〈(Ψ′)2〉+ 24(H′ − 2H2)H 〈Ψ′Ψ〉− 12(H′ − 2H2)2H2 〈Ψ2〉
]
, (3.19)
τij =
1
8piG
δij
[
2
3H2
〈∇Ψ′′ · ∇Ψ〉+ 2(H′ − 2H2)
3H2(H′ −H2)
〈
(∇Ψ′)2〉
− 4(2H
′2 − 3H′H2 + 2H4)
3H3(H′ −H2)
〈∇Ψ′ · ∇Ψ〉+ 8H〈Ψ′′Ψ′〉− 8(H′ − 2H2)H2 〈Ψ′′Ψ〉
− 2H(H
′ −H2)H′′ − 6H′3 + 10H′2H2 − 3H′H4 +H6
3H4(H′ −H2)
〈
(∇Ψ)2〉
− 4(2H
′ − 5H2)
H2
〈
(Ψ′)2
〉− 8(HH′′ − 2H′2 + 3H′H2 − 6H4)H3 〈Ψ′Ψ〉
+
4(H′ − 2H2)(2HH′′ − 2H′2 − 3H′H2 − 2H4)
H4
〈
Ψ2
〉]
. (3.20)
3.2.1 MDE
Using the solution (3.4) for Eqs. (3.19) and (3.20), then we find
τ00 =
1
8piG
[
4k2
3
|c1|2 +O
(
η−2
) ]
, (3.21)
τij =
1
8piG
δij
[(
4 +
17k2
18
)
|c1|2 +O
(
η−2
) ]
. (3.22)
For the most dominant term, we have the same a-dependence (3.10) as in the longitudinal
gauge
% ∝ 1
a2
and p ∝ 1
a2
, (3.23)
but with p ≈ (4 + 17k2/18)/(4k2/3)%.
3.2.2 RDE
Again, we consider two limits in RDE.
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(i) Long-wavelength limit (kη/
√
3 1): We find in this limit
τ00 =
1
8piGη8
{
9|d2|2
(
kη√
3
)2
+O
[(
kη√
3
)4]}
, (3.24)
τij =
1
8piGη6
δij
{
4|d2|2 +O
[(
kη√
3
)2]}
. (3.25)
Considering the most dominant term, the pressure p ∝ 1/a8 is more significant than the
energy density % ∝ k2/a8.
(ii) Short-wavelength limit (kη/
√
3  1): We obtain, in this limit, the most dominant
terms are the same as Eqs. (3.14) and (3.15) in the longitudinal gauge, and the equation of
state is also the same with Eq. (3.16), which behaves as radiation.
3.3 Comoving gauge
Let us take the comoving gauge by imposing the conditions
β,i = vi and E = 0 . (3.26)
Using vi in Eq. (2.38), we have
Q = β =
Ψ′ +HΨ
H′ −H2 . (3.27)
Similar to the previous gauge conditions, τµν is expressed only by the Bardeen variable Ψ
as
τ00 =
1
8piG
[
− 2H
(H′ −H2)2
〈∇Ψ′′ · ∇Ψ′〉− 2H2
(H′ −H2)2
〈∇Ψ′′ · ∇Ψ〉
+
2H(H′′ − 3HH′ +H3)
(H′ −H2)3
〈
(∇Ψ′)2〉+ 4H(HH′′ − 2H′2 +H2H′ −H4)
(H′ −H2)3
〈∇Ψ′ · ∇Ψ〉
+
5H′3 + 2H3H′′ − 23H2H′2 + 25H4H′ − 11H6
(H′ −H2)3
〈
(∇Ψ)2〉− 3H2
(H′ −H2)2
〈
Ψ′′2
〉
+
6H2(H′′ − 2HH′)
(H′ −H2)3
〈
Ψ′′Ψ′
〉
+
6H2(HH′′ − 4H′2 + 6H2H′ − 4H4)
(H′ −H2)3
〈
Ψ′′Ψ
〉
− 3H
2
(H′′ − 4HH′ + 2H3)(H′′ − 2H3)
(H′ −H2)4
〈
(Ψ′)2
〉
− 6H
2
{HH′′2 − 4H′′(H′2 −H2H′ +H4) + 12HH′3 − 28H3H′2 + 28H5H′ − 8H7}
(H′ −H2)4
〈
Ψ′Ψ
〉
− 3H
2
(HH′′ − 6H′2 + 12H2H′ − 8H4)(HH′′ − 2H′2)
(H′ −H2)4
〈
Ψ2
〉]
, (3.28)
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τij =
1
8piG
δij
[
2
3(H′ −H2)2
〈∇Ψ′′′ · ∇Ψ′〉+ 2H
3(H′ −H2)2
〈∇Ψ′′′ · ∇Ψ〉
+
2
3(H′ −H2)2
〈
(∇Ψ′′)2〉− 2F1
3(H′ −H2)3
〈∇Ψ′′ · ∇Ψ′〉− 2F2
3(H′ −H2)3
〈∇Ψ′′ · ∇Ψ〉
− 2F3
3(H′ −H2)4
〈
(∇Ψ′)2〉− 2F4
3(H′ −H2)4
〈∇Ψ′ · ∇Ψ〉− F5
3(H′ −H2)4
〈
(∇Ψ)2〉
+
2H
(H′ −H2)2
〈
Ψ′′′Ψ′′
〉− 2F6
(H′ −H2)3
〈
Ψ′′′Ψ′
〉− 2F7
(H′ −H2)3
〈
Ψ′′′Ψ
〉− F8
(H′ −H2)3
〈
Ψ′′2
〉
+
2F9
(H′ −H2)4
〈
Ψ′′Ψ′
〉− 2F10
(H′ −H2)4
〈
Ψ′′Ψ
〉
+
F11
(H′ −H2)5
〈
(Ψ′)2
〉− 2F12
(H′ −H2)5
〈
Ψ′Ψ
〉
+
F13
(H′ −H2)5
〈
Ψ2
〉]
, (3.29)
where
F1 = 4H′′ − 13HH′ + 5H3 , (3.30)
F2 = 4HH′′ − 2H′2 − 9H2H′ + 3H4 , (3.31)
F3 = (H′ −H2)H′′′ − 3H′′2 − 3H′3 + 4H(4H′ −H2)H′′ − 24H2H′2 + 19H4H′ − 4H6 ,
(3.32)
F4 = 2H(H′ −H2)H′′′ − (6HH′′ − 3H′2 − 26H2H′ + 5H4)H′′ − 4H(4H′3 + 6H2H′2
− 5H4H′ +H6) , (3.33)
F5 = 2H2(H′ −H2)H′′′ + 2H(3H′2 + 10H2H′ −H4)H′′ − 6H2H′′2 −H′4 − 22H2H′3
− 6H4H′2 + 6H6H′ −H8 , (3.34)
F6 = H(H′′ − 2HH′) , (3.35)
F7 = H(HH′′ − 4H′2 + 6H2H′ − 4H4) , (3.36)
F8 = 4HH′′ − 4H′2 − 3H2H′ −H4 , (3.37)
F9 = 4HH′′2 −H(H′ −H2)H′′′ + 20HH′3 − 2(2H′2 + 5H2H′ +H4)H′′ − 28H3H′2
+ 38H5H′ − 14H7 , (3.38)
F10 = H2(H′ −H2)H′′′ − 4H2H′′2 +H(13H′2 − 8H2H′ + 11H4)H′′ − 10H′4 − 10H2H′3
− 52H6H′ + 40H4H′2 + 16H8 , (3.39)
F11 = 2H(H′ −H2)(H′′ − 2HH′)H′′′ − 4HH′′3 + (4H′2 + 17H2H′ + 3H4)H′′2
− 4H(10H′3 − 11H2H′2 + 20H4H′ − 7H6)H′′ + 4H2(18H′4 − 46H2H′3 + 70H4H′2
− 43H6H′ + 9H8) , (3.40)
F12 = 4H2H′′3 − 2H(H′ −H2)(HH′′ − 2H′2 + 2H2H′ − 2H4)H′′′
−H(13H′2 −H2H′ + 12H4)H′′2 + 2(5H′4 + 22H2H′3 − 40H4H′2 + 50H6H′
− 13H8)H′′ − 4H(15H′5 − 28H2H′4 + 16H4H′3 + 19H6H′2 − 18H8H′ + 4H10) ,
(3.41)
F13 = 2H2(H′ −H2)(HH′′ − 4H′2 + 6H2H′ − 4H4)H′′′ − 4H3H′′3 + (22H2H′2 − 19H4H′
+ 21H6)H′′2 − 4H(7H′4 + 4H2H′3 − 17H4H′2 + 22H6H′ − 4H8)H′′
+ 4(6H′4 + 3H2H′3 − 25H4H′2 + 32H6H′ − 8H8)H′2 . (3.42)
– 12 –
3.3.1 MDE
Plugging the solution (3.4) in Eqs. (3.28) and (3.29), then we obtain
τ00 =
1
8piG
[
77k2
9
|c1|2 +O(η−5)
]
, (3.43)
τij =
1
8piG
δij
[(
16
9
+
13k2
27
)
|c1|2 +O(η−2)
]
, (3.44)
which give the same a-dependence as in the other gauges, Eqs. (3.10) and (3.23), but the
equation of state becomes p ≈ (16 + 13k2/3)/(77k2)%.
3.3.2 RDE
Again, we consider two limits in RDE.
(i) Long-wavelength limit (kη/
√
3 1): The most dominant terms are given by
τ00 =
1
8piGη8
{
45
2
|d2|2
(
kη√
3
)2
+O
[(
kη√
3
)4]}
, (3.45)
τij =
1
8piGη6
δij
{
|d2|2 +O
[(
kη√
3
)2]}
. (3.46)
Similar to the spatially-flat gauge case, the pressure p ∝ 1/a8 is more significant than the
energy density % ∝ k2/a8.
(ii) Short-wavelength limit (kη/
√
3 1): The dominant terms are given by
τ00 =
1
4piGη8
{
45
2
(
|d1|2 + |d2|2
)( kη√
3
)4
+O
[(
kη√
3
)3]}
, (3.47)
τij =
1
4piGη8
δij
{
3
2
(
|d1|2 + |d2|2
)( kη√
3
)4
+O
[(
kη√
3
)3]}
. (3.48)
For the most dominant terms, % ∝ 1/a6 and p ∝ 1/a6 and the equation of state is p ≈ %/15.
4 Conclusions
In this work, we have investigated the gauge invariance of 2EMT in the Friedmann uni-
verse. Introducing the gravitational scalar perturbations as well as the matter ones of fluid,
we have kept the contributions up to second order in perturbations. The second-order
terms consist of two parts: (i) the linear terms in second-order perturbations, and (ii) the
quadratic combinations of first-order perturbations. In the Einstein tensor, (i) G(1)µν [g(2)] is
regarded as a pure second-order geometric contribution, and (ii) G(2)µν [g(1)] is regarded as
a contribution to the effective energy-momentum tensor along with T (2)µν [g(1), δρ(1), δp(1)].
As a result, 2EMT is given by T (2,eff)µν = T
(2)
µν [g(1), δρ(1), δp(1)]−G(2)µν [g(1)]/8piG. Finally we
have integrated over several wavelengths to obtain τµν =
〈
T
(2,eff)
µν
〉
.
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Using the first-order equations, we could evaluate τµν in terms of the gravitational
perturbations in Section 2.3.3. The result shows that τµν depends not only on the gauge-
invariant Bardeen variable Ψ, but also the gauge variables, Q = β + E and E. This
indicates that τµν is definitely gauge dependent. The fact that τµν is not gauge invariant
is not unreasonable: In general, the tensor components change after gauge (or infinitesimal
coordinate) transformations. Even the rank-zero tensor (scalar) changes if it is a local
quantity, e.g. the energy density. Therefore, the gauge dependence of 2EMT of cosmological
scalar perturbations is in fact not exceptional.
Any truly observable quantity is supposed to be gauge invariant from the beginning.
In our case, τµν is not in this category. However, if the value of the quantity converges
in a certain limit after imposing gauge conditions, we may hope that it may have some
(in)direct connection to observables. In this sense, we have examined τµν in three gauge
choices – longitudinal, spatially-flat, and comoving gauges.
Once we select a gauge condition, τµν can be expressed only by the gauge invariant
variable Ψ. However, the functional form of τµν is dependent on the gauge choice. In order
to investigate τµν in certain limits, we have performed the Fourier-mode expansion for Ψ,
and have solved the equation for Ψ in the matter- and radiation-dominated epoch. Plugging
the solution for Ψ in τµν , the results show that τµν never converges in any wavelength limit.
In addition, interpreting the components of τµν as the effective second-order energy density
and pressure, τµν = diag(−%, p, p, p), the effective equation-of-state parameter p/% does not
converge to a single value in any limit of three gauge choices. As a conclusion, τµν and its
effects are strictly gauge dependent.
We may also well quantize Ψ as
Ψ(η,x) =
∫
d3k
(2pi)3/2
[
Ψˆk(η)e
ik·xaˆk + Ψˆ∗k(η)e
−ik·xaˆ†k
]
, (4.1)
where the annihilation and the creation operators satisfy the usual commutator relations
with proper normalizations. Solving the field equation (3.2) for Ψ with this quantiza-
tion, we find the same solutions for Ψˆk(η) as Eq. (3.4). Using the ordering Ψ(m)Ψ(n) =(
Ψ(m)Ψ(n) +Ψ(n)Ψ(m)
)
/2, and applying the operator on the ground state, we find the same
τµν as obtained in Section 3. Therefore, τµν has no quantum effect, or at least any quan-
tum contributions are indistinguishable from classical ones (see also Refs. [15–22] for the
quantum effects of the backreaction).
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A 2EMT during MDE and RDE
In this section, we present more complete functional forms of 2EMT during MDE and RDE
in the three gauge conditions presented in the main text. In this section, for notational
simplicity we define kη/
√
3 ≡ T , sin(kη/√3) ≡ S, cos(kη/√3) ≡ C and (c1, c2) ≡ c∗1c2 +
c1c
∗
2 = 2<
(
c∗1c2
)
.
A.1 Longitudinal gauge
A.1.1 MDE
τ00 =
1
8piG
[
19k2
3
|c1|2 − 48
η2
|c1|2 + 3k
2
η5
(
c1, c2
)− 48
η7
(
c1, c2
)
+
8k2
η10
|c2|2 − 123
η12
|c2|2
]
, (A.1)
τij =
1
8piG
δij
[
k2
9
|c1|2 − k
2
η5
(
c1, c2
)− 40
η7
(
c1, c2
)
+
2k2
3η10
|c2|2 − 55
η12
|c2|2
]
. (A.2)
A.1.2 RDE in long-wavelength limit
τ00 =
1
8piGη8
[
− 39|d2|2 + 6|d2|2T 2 + 4
(
d1, d2
)T 3 + 12|d2|2T 4 − 4(d1, d2)
5
T 5
+
13|d2|2 − 4|d1|2
3
T 6 − 113
(
d1, d2
)
35
T 7 + 34
(|d1|2 − |d2|2)
15
T 8 +O
(
T 9
)]
, (A.3)
τij =
1
8piGη8
δij
[
− 19|d2|2 − 14|d2|2T 2 +
16
(
d1, d2
)
3
T 3 + 28
(
d1, d2
)
15
T 5
+
13|d2|2 − 4|d1|2
9
T 6 − 3
(
d1, d2
)
35
T 7 − 4
(|d1|2 − |d2|2)
45
T 8 +O
(
T 9
)]
. (A.4)
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A.1.3 RDE in short-wavelength limit
τ00 =
1
8piGη8
[
3
(
S2|d1|2 + C2|d2|2 − SC
(
d1, d2
))T 6
+
(
12SC(|d1|2 − |d2|2)− 6(C2 − S2)(d1, d2))T 5
+
((
27C2 − 15S2)|d1|2 + (27S2 − 15C2)|d2|2 + 42SC(d1, d2))T 4
+
(
72SC(|d2|2 − |d1|2)+ 36(C2 − S2)(d1, d2))T 3
+
(
− 84SC(d1, d2)− 39(C2|d1|2 + S2|d2|2)+ 45(S2|d1|2 + C2|d2|2))T 2
+
(
− 78SC(|d1|2 − |d2|2)+ 39(S2 − C2)(d1, d2))T
+
(
− 39(S2|d1|2 + C2|d2|2)+ 39SC(d1, d2))], (A.5)
τij =
1
8piGη8
δij
[(
S2|d1|2 + C2|d2|2 − SC
(
d1, d2
))T 6
+
(
4SC(|d1|2 − |d2|2)− 2(C2 − S2)(d1, d2))T 5
+
(
3
(C2 − S2)(|d1|2 − |d2|2)+ 6SC(d1, d2))T 4
+
(
8SC(|d2|2 − |d1|2)+ 4(C2 − S2)(d1, d2))T 3
+
(
− 24SC(d1, d2)− 19(C2|d1|2 + S2|d2|2)+ 5(S2|d1|2 + C2|d2|2))T 2
+
(
38SC(|d1|2 − |d2|2)+ 19(S2 − C2)(d1, d2))T
+
(
− 19(S2|d1|2 + C2|d2|2)+ 19SC(d1, d2))]. (A.6)
A.2 Spatially-flat gauge
A.2.1 MDE
τ00 =
1
8piG
[
4k2
3
|c1|2 − 300
η2
|c1|2 − 2k
2
η5
(
c1, c2
)
+
3k2
η10
|c2|2
]
, (A.7)
τij =
1
8piG
δij
[
4|c1|2 + 17k
2
18
|c1|2 − 16
η2
|c1|2 + 4− k
2
η5
(
c1, c2
)− 16
η7
(
c1, c2
)
+
4(k2 + 1)
η10
|c2|2
− 16
η12
|c2|2
]
. (A.8)
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A.2.2 RDE in long-wavelength limit
τ00 =
1
8piG
[ 9
η8
|d2|2T 2 − 15
η8
|d2|2T 4 +
15
(
d1, d2
)
η8
T 5 + 15|d2|
2 − 12|d1|2
η8
T 6
− 41
(
d1, d2
)
5η8
T 7 + 4
(|d1|2 − |d2|2)
η8
T 8 +O
(
T 9
)]
, (A.9)
τij =
1
8piG
δij
[
4
( 1
η6
− 1
η8
)
|d2|2 +
( 4
η6
+
11
η8
)
|d2|2T 2 − 4
3
( 1
η6
− 1
η8
)(
d1, d2
)T 3
− 11
η8
|d2|2T 4 − 1
15
( 8
η6
− 143
η8
)(
d1, d2
)T 5 + ( 4
9η6
(|d1|2 − |d2|2)
− 1
9η8
(
40|d1|2 − 49|d2|2
))T 6 + 1
35
( 8
η6
− 59
3η8
)(
d1, d2
)T 7
− 1
45
( 4
η6
+
26
η8
)(|d1|2 − |d2|2)T 8 +O(T 9)]. (A.10)
A.2.3 RDE in short-wavelength limit
τ00 =
1
8piGη8
[
3
(
S2|d1|2 + C2|d2|2 − SC
(
d1, d2
))T 6
+
(
12SC(|d1|2 − |d2|2)− 6(C2 − S2)(d1, d2))T 5
+
((
9C2 − 24S2)|d1|2 + (9S2 − 24C2)|d2|2 + 33SC(d1, d2))T 4
+
(
18SC(|d2|2 − |d1|2)+ 9(C2 − S2)(d1, d2))T 3
+
(
− 9SC(d1, d2)+ 9(S2|d1|2 + C2|d2|2))T 2], (A.11)
τij =
1
8piGη8
δij
[((
3S2 − 2C2)|d1|2 + (3C2 − 2S2)|d2|2 − 5SC(d1, d2))T 6
+
(
24SC(|d1|2 − |d2|2)− 12(C2 − S2)(d1, d2))T 5
+
((
15C2 − 26S2)|d1|2 − (26C2 − 15S2)|d2|2 + 41SC(d1, d2))T 4
+
(
30SC(|d2|2 − |d1|2)+ 15(C2 − S2)(d1, d2))T 3
+
(
− 19SC(d1, d2)− 4(C2|d1|2 + S2|d2|2)+ 15(S2|d1|2 + C2|d2|2)
+ 4η2
{
SC(d1, d2)+ (C2|d1|2 + S2|d2|2)})T 2
+
(
8SC(|d1|2 − |d2|2)+ 4(S2 − C2)(d1, d2)
+ 4η2
{(C2 − S2)(d1, d2)− 2SC(|d1|2 − |d2|2)})T
+ 4(1− η2)
(
− (S2|d1|2 + C2|d2|2)+ SC(d1, d2))]. (A.12)
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A.3 Comoving gauge
A.3.1 MDE
τ00 =
1
8piG
[
77k2
9
|c1|2 − 77k
2
9η5
(
c1, c2
)
+
77k2
9η10
|c2|2
]
, (A.13)
τij =
1
8piG
δij
[
16
9
|c1|2 + 13k
2
27
|c1|2 − 64
9η2
|c1|2 + 48 + 13k
2
27η5
(
c1, c2
)− 64
9η7
(
c1, c2
)
+
48 + 13k2
27η10
|c2|2 − 64
9η12
|c2|2
]
. (A.14)
A.3.2 RDE in long-wavelength limit
τ00 =
1
8piGη8
[45
2
|d2|2T 2 + 45
2
|d2|2T 4 −
15
(
d1, d2
)
2
T 5 − 3(d1, d2)T 7 + 5(|d1|2 − |d2|2)
2
T 8
+O
(
T 9
)]
, (A.15)
τij =
1
8piG
δij
[( 1
η6
− 1
η8
)
|d2|2 +
( 1
η6
+
1
2η8
)
|d2|2T 2 − 1
3
( 1
η6
− 1
η8
)(
d1, d2
)T 3
+
3
2η8
|d2|2T 4 − 1
15
( 2
η6
+
11
2η8
)(
d1, d2
)T 5 + 1
9
( 1
η6
− 1
η8
)(|d1|2 − |d2|2)T 6
+
1
35
( 2
η6
− 9
η8
)(
d1, d2
)T 7 − 1
45
( 1
η6
− 17
2η8
)(|d1|2 − |d2|2)T 8 +O(T 9)].
(A.16)
A.3.3 RDE in short-wavelength limit
τ00 =
1
8piG
× 45
2η8
[(
C2|d1|2 + S2|d2|2 + SC
(
d1, d2
))T 4
+
(
2SC(|d2|2 − |d1|2)+ (C2 − S2)(d1, d2))T 3
+
(
S2|d1|2 + C2|d2|2 − SC
(
d1, d2
))T 2], (A.17)
τij =
1
8piG
δij
[ 3
2η8
(
C2|d1|2 + S2|d2|2 + SC
(
d1, d2
))T 4
+
3
2η8
(
2SC(|d2|2 − |d1|2)+ (C2 − S2)(d1, d2))T 3
+
( 1
2η8
{
− 5SC(d1, d2)− 2(C2|d1|2 + S2|d2|2)+ 3(S2|d1|2 + C2|d2|2)}
+
1
η6
{
SC(d1, d2)+ (C2|d1|2 + S2|d2|2)})T 2
+
( 1
η8
{
2SC(|d1|2 − |d2|2)+ (S2 − C2)(d1, d2)}
+
1
η6
{(C2 − S2)(d1, d2)− 2SC(|d1|2 − |d2|2)})T
+
( 1
η8
− 1
η6
)(
− (S2|d1|2 + C2|d2|2)+ SC(d1, d2))]. (A.18)
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